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ON THE MOTION OF FREE INTERFACE IN TWO-DIMENSIONAL
IDEAL INCOMPRESSIBLE MHD
CHENGCHUN HAO
Abstract. For the free boundary problem of the plasma-vacuum interface to ideal
incompressible magnetohydrodynamics (MHD) in two-dimensional space, the a priori
estimates of solutions are proved in Sobolev norms by adopting a geometrical point of
view. In the vacuum region, the magnetic field is described by the div-curl system of
pre-Maxwell dynamics, while at the interface the total pressure is continuous and the
magnetic field is tangent to the boundary. We prove that the L2 norms of any order
covariant derivatives of the magnetic field in vacuum and on the boundaries are bounded
in terms of initial data and the second fundamental forms of the free interface and the
rigid wall.
1. Introduction
In the present paper, we consider the free boundary problem of 2D ideal incompressible
magnetohydrodynamics (MHD). It consists of finding a bounded variable domain Ω+t ⊂
R
2 filled with inviscid incompressible electrically conducting homogeneous plasma (the
density ρ(t, x) ≡ const > 0), together with the vector field of velocity v(t, x) = (v1, v2),
the scalar pressure p(t, x) and the magnetic field H(t, x) = (H1, H2) satisfying the system
of MHD. The boundary Γt of Ω
+
t is the free surface of the plasma. It is assumed that the
plasma is surrounded by a vacuum region Ω−t and that the whole domain Ω = Ω
+
t ∪Γt∪Ω
−
t
is independent of time and bounded by a fixed perfectly conducting rigid wall W such
thatW ∩Γ0 = ∅. Both Ω
+
t and Ω are simply connected, while Ω
− is not simply connected
in 2D rather than 3D. The magnetic field should be found not only in Ω+t but also in Ω
−
t .
In the plasma region Ω+t , the ideal MHD equations apply, i.e., for t > 0

vt + v · ∇v +∇p = µ
(
H · ∇H−
1
2
∇|H|2
)
, (1.1a)
Ht + v · ∇H = H · ∇v, (1.1b)
div v = 0, divH = 0. (1.1c)
Let Hˆ = (Hˆ1, Hˆ2) be the magnetic field in the vacuum Ω
−
t . Since the vacuum has no
density, velocity, electric current (i.e., Eˆt = 0), except for the magnetic field, we have the
pre-Maxwell equations in vacuum
∂1Hˆ2 = ∂2Hˆ1, div Hˆ = 0, Hˆt = −∇
⊥Eˆ,
where ∇⊥ = (∂2,−∂1), and the electric field Eˆ is scalar, a secondary variable, which is
different from the 3D case. At the wall W , the tangential component of the electric field
and the normal component of the magnetic field must vanish
Eˆ = 0, n · Hˆ = 0, on W,
where n is the inward drawn unit normal to the boundary of Ω−t .
The plasma-vacuum interface is now free to move since the plasma is surrounded by
vacuum. Hence, v·n|Γt is unknown and arbitrary where n is the unit normal to Γt pointing
from the plasma to the vacuum. Thus, we need some non-trivial jump conditions that
1
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must be satisfied to connect the fields across the interface. These arise from the divergence
H equation, Faraday’s law and the momentum equation. A convenient way to obtain the
desired relations is to assume that the plasma surface Γt is moving with a normal velocity
V
n
n = (v · n)n,
where V
n
is the velocity of evolution of Γt in the direction n. The jump conditions are
straightforward to derive in a reference frame moving with the fluid surface. Once these
conditions are obtained, all that is then required is to convert back to the laboratory frame
using the corresponding Galilean transformation (cf. [7]). From Maxwell’s equations, we
know that, at the interface Γt, the magnetic field and the electric field must satisfy the
conditions
n ·H = n · Hˆ = 0, Eˆn⊥ = (v · n)H, on Γt, (1.2)
where n⊥ = (n2,−n1). The first one also means that the magnetic fields are not pointing
into the vacuum on the interface.
We also have the following pressure balance condition (also cf. [7, 17]) on the interface
Γt:
p+
µ
2
|H|2 =
µ
2
|Hˆ|2, on Γt.
For convenience, we denote
P = q+ − q−, q+ = p+
µ
2
|H|2, q− =
µ
2
|Hˆ|2.
The system can be rewritten as

vt + v · ∇v +∇q
+ = µH · ∇H, x ∈ Ω+t , (1.3a)
Ht + v · ∇H = H · ∇v, x ∈ Ω
+
t , (1.3b)
div v = 0, divH = 0, x ∈ Ω+t , (1.3c)
∇⊥ · Hˆ = 0, div Hˆ = 0, Hˆt = −∇
⊥Eˆ, x ∈ Ω−t , (1.3d)
P = 0, H · n = Hˆ · n = 0, x ∈ Γt, (1.3e)
Eˆn⊥ = (v · n)Hˆ, x ∈ Γt, (1.3f)
Eˆ = 0, Hˆ · n = 0, x ∈ W, (1.3g)
v(0, x) = v0(x), H(0, x) = H0(x), x ∈ Ω
+, (1.3h)
Hˆ(0, x) = Hˆ0(x), Eˆ(0, x) = Eˆ0(x), x ∈ Ω
−, (1.3i)
Ω+t |t=0 = Ω
+, Ω−t |t=0 = Ω
−, Γt|t=0 = Γ. (1.3j)
We will prove a priori bounds for the interface problem (1.3) in Sobolev spaces under
the following condition
∇
n
P 6 −ε < 0 on Γ, (1.4)
where ∇
n
= ni∂i. In fact, we assume that this condition holds initially, and then we can
verify that it holds true within a period. For the free boundary problem of motion of
incompressible fluids in vacuum, without magnetic fields, the natural physical condition
(cf. [2, 4, 5, 12, 13, 14, 6, 20, 24, 25, 26]) reads that ∇
n
p 6 −ε < 0 on Γ, which excludes
the possibility of the Rayleigh-Taylor type instability (see [6]).
There were few well-posedness results for full non-stationary plasma-vacuum models
because of the difficulties caused by the strong coupling between the velocity field and the
magnetic field. Hao and Luo studied the a priori estimates for the free boundary problem
of ideal incompressible MHD flows in [9] with a bounded initial domain homeomorphic to
a ball, provided that the size of the magnetic field to be invariant on the free boundary
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that includes the case of zero magnetic boundary condition. For the special case when the
magnetic field is zero on the free boundary, Lee proved the local existence and uniqueness
of plasma-vacuum free boundary problem of incompressible viscous-diffusive MHD flow
in three-dimensional space with infinite depth setting in [10], and got a local unique
solution of free boundary MHD without kinetic viscosity and magnetic diffusivity via zero
kinetic viscosity-magnetic diffusivity limit in [11]. For the incompressible viscous MHD
equations, a free boundary problem in a simply connected domain of R3 was studied by
a linearization technique and the construction of a sequence of successive approximations
in [16] with an irrotational condition for magnetic fields in a part of the domain. The
well-posedness of the linearized plasma-vacuum interface problem in ideal incompressible
MHD was studied in [15] in an unbounded plasma domain, the linearized plasma-vacuum
problem in ideal compressible MHD was investigated in [23, 18], the well-posedness of
the original nonlinear free boundary problem was proved in [19] by using the Nash-Moser
method, and a stationary problem was studied in [8]. The current-vortex sheets problem
was studied in [3], [21] and [22].
Regarding the cases without magnetic fields, the free surface problem of the incom-
pressible Euler equations of fluids has attracted much attention in recent decades and
important progress has been made for flows with or without vorticity or surface tension.
We refer readers to [1, 4, 5, 12, 13, 14, 6, 20, 24, 25, 26] and references therein.
In this paper, we prove a priori bounds for the free interface problem (1.3) and take
into account the magnetic field not only in plasma but also in vacuum. Thus, we do not
need the restricted boundary condition |H| ≡ const > 0 on the free interface assumed in
[9]. What makes this problem difficult is that the regularity of the boundary enters to the
highest order and energies exchange between plasma and vacuum. Roughly speaking, the
energies of plasma and vacuum will exchange via the pressure balance relation q+ = q−
on the free interface. But we need to investigate the estimates of the magnetic field and
the electric field in vacuum even if the electric field is a secondary variable in order to
obtain energy estimates. We also introduce the “virtual particle” endowed with a virtual
velocity field to reformulate the free boundary problem to a fixed boundary problem. We
can show that the norms of the magnetic field in vacuum depend only on the norms of
initial data and the second fundamental forms of the interface Γt and the wall W .
Now, we derive the conserved energy. Let Dt := ∂t + v
k∂k be the material derivative,
then it holds for any function F on Ω+t
d
dt
∫
Ω+t
Fdx =
∫
Ω+t
DtFdx, (1.5)
since div v = 0, and then for any function F on Ω−t (we can extend it to Ω by a smooth
cut-off function)
d
dt
∫
Ω−t
Fdx =
∫
Ω−t
∂tFdx−
∫
Γt
v
n
FdS, (1.6)
where n is the outward unit normal to Γt corresponding to Ω
+
t .
Throughout the paper, we use the Einstein summation convention, that is, when an
index variable appears twice in both the subscript and the superscript of a single term it
indicates summation of that term over all the values of the index.
From (1.5) and (1.6), by using the boundary conditions (1.3e), (1.3f) and (1.3g), the
conserved physical energy is given by
E0(t) :=
∫
Ω+t
(
1
2
|v(t)|2 +
µ
2
|H(t)|2
)
dx+
∫
Ω−t
µ
2
|Hˆ(t)|2dx ≡ E0(0),
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for any t > 0.
The higher order energy has an interface boundary part and interior parts in both
plasma and vacuum. The boundary part controls the norms of the second fundamental
form of the free interface, the interior part in plasma controls the norms of the velocity,
magnetic fields and hence the pressure, the interior part in vacuum controls the magnetic
field. We will prove that the time derivatives of the energy are controlled by themselves.
A crucial point in the construction of the higher order energy norms is that the time
derivatives of the interior parts will, after integrating by parts, contribute some boundary
terms that cancel the leading-order terms in the corresponding time derivatives of the
boundary integrals. To this end, we need to project the equations for the total pressure
P to the tangent space of the boundary.
The higher order energies are defined as: For r > 1
Er(t) =
∫
Ω+t
δijQ(∂rvi, ∂
rvj)dx+ µ
∫
Ω+t
δijQ(∂rHi, ∂
rHj)dx
+ sgn(r − 1)
∫
Γt
Q(∂rP, ∂rP )ϑdS +
∫
Ω+t
(
|∂r−1(∇⊥ · v)|2 + µ|∂r−1(∇⊥ · B)|2
)
dx,
where sgn(s) be the sign function of the real number s and ϑ = (−∇
n
P )−1. Here,
Q is a positive definite quadratic form which, when restricted to the boundary, is the
inner product of the tangential components, i.e., Q(α, β) = 〈Πα,Πβ〉, and in the interior
Q(α, α) increases to the norm |α|2. To be more specific, let
Q(α, β) = qi1j1 · · · qirjrαi1···irβj1···jr
where
qij = δij − η(d)2ninj , d(x) = dist (x,Γt), n
i = −δij∂jd.
Here η is a smooth cutoff function satisfying 0 6 η(d) 6 1, η(d) = 1 when d < d0/4 and
η(d) = 0 when d > d0/2. d0 is a fixed number that is smaller than the injectivity radius
of the normal exponential map ι0, defined to be the largest number ι0 such that the map
Γt × (−ι0, ι0)→ {x ∈ R
2 : dist (x, Γt) < ι0}, (1.7)
given by
(x¯, ι)→ x = x¯+ ιn(x¯),
is an injection. We can also define ι0 forW similarly which is independent of t and denote
it by ι′0. We always assume the second fundamental form of W and 1/ι
′
0 to be bounded,
since both of them are invariant with respect to time.
Now, we can state the main theorem as follows.
Theorem 1.1. Let
K(0) =max
(
‖θ(0, ·)‖L∞(Γ), 1/ι0(0)
)
, (1.8)
E(0) =‖1/(∇NP (0, ·))‖L∞(Γ) = 1/ε > 0. (1.9)
Assume ‖θ‖L∞(W ) + 1/ι
′
0 6 CK(0), ‖∇NP (0, ·)‖L∞(Γ) 6 C and ‖∇
⊥Eˆ0‖L2(Ω−) 6 C.
Then there exists a continuous function T > 0 such that if
T 6 T (K(0), E(0), E0(0), · · · , E3(0),VolΩ), (1.10)
then any smooth solution of the free boundary problem for 2D MHD equations (1.3) with
(1.4) in [0, T ] satisfies the estimate
3∑
s=0
Es(t) 6 2
3∑
s=0
Es(0), 0 6 t 6 T. (1.11)
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The rest of this paper is organized as follows: In Section 2, we use the Lagrangian
coordinates to transform the free interface problem to a fixed initial boundary problem.
Sections 3 and 4 are devoted to the estimates of the magnetic field and the electric field
in vacuum, respectively. In Sections 5–7, we prove the higher orders energy estimates.
Some a priori assumptions will be justified in Section 8. In order to make this paper
more readable, we give an appendix on some estimates used in previous sections, which
are basically proved in [4].
2. Reformulation in Lagrangian Coordinates
We may think that the velocity field of the “virtual particles” in vacuum is v on the
boundary. Then, we can extend the velocity from the boundary to the interior of vacuum
by a cut-off function such that
v(t, x) =


v(t, x¯), near Γt,
smooth, otherwise,
0, near W,
and div v = 0 for x ∈ Ω−t as long as Γt ∩ W = ∅ in [0, T ], where x¯ ∈ Γt satisfies
dist (x,Γt) = |x− x¯|, and |v(t, x)| 6 ‖v(t)‖L∞(Γt) for x ∈ Ω
−
t by construction.
Assume that we are given a velocity vector field v(t, x) defined in a set D ⊂ [0, T ]×Rn
such that the interface of Ω+t = {x : (t, x) ∈ D} and Ω
−
t moves with the velocity, i.e.,
(1,v) ∈ T (∂D) which denotes the tangent space of ∂D . We will now introduce Lagrangian
or co-moving coordinates, that is, coordinates that are constant along the integral curves
of the velocity vector field so that the boundary becomes fixed in these coordinates (cf.
[4]). Let x = x(t, y) = ft(y) be the trajectory of the particles given by

dx
dt
= v(t, x(t, y)), (t, y) ∈ [0, T ]× Ω,
x(0, y) = f0(y), y ∈ Ω.
(2.1)
where, when t = 0, we can start with either the Euclidean coordinates in Ω or some other
coordinates f0 : Ω → Ω where f0 is a diffeomorphism in which the domain Ω becomes
simple. For simplicity, we will assume f0(y) = y in this paper. Then, the Jacobian
determinant det(∂y/∂x) ≡ 1 due to the divergence-free property of v. For each t, we will
then have a change of coordinates ft : Ω→ Ω, taking y → x(t, y). The Euclidean metric
δij in Ω then induces a metric
gab(t, y) = δij
∂xi
∂ya
∂xj
∂yb
(2.2)
in Ω for each fixed t. We use the covariant differentiation in Ω with respect to the metric
gab(t, y), because it corresponds to differentiation in Ω under the change of coordinates
Ω ∋ y → x(t, y) ∈ Ω, and we will work in both coordinate systems. This also avoids
possible singularities in the change of coordinates.
We recall a result concerning time derivatives of the change of coordinates and com-
mutators between time derivatives and space derivatives (cf. [4, 9, Lemma 2.1]).
Lemma 2.1. Let x = ft(y) be the change of variables given by (2.1), and let gab be the
metric given by (2.2). Let vi = δijv
j = vi, and set
ua(t, y) =vi(t, x)
∂xi
∂ya
, ua =gabub, (2.3)
hab =
1
2
Dtgab, h
ab =gachcdg
db. (2.4)
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Then
Dt
∂xi
∂ya
=
∂xk
∂ya
∂vi
∂xk
, Dt
∂ya
∂xi
= −
∂ya
∂xk
∂vk
∂xi
, (2.5)
Dtgab = ∇aub +∇bua, Dtg
ab = −2hab, Dtdµg = trhdµg, (2.6)
where dµg is the Riemannian volume element on Ω in the metric g.
We now recall the estimates of commutators between the material derivative Dt and
covariant derivatives ∇a.
Lemma 2.2 (cf. [4, 9]). Let Ta1···ar be a (0, r) tensor. We have
[Dt,∇a]Ta1···ar = −(∇a1∇au
d)Tda2···ar − · · · − (∇ar∇au
d)Ta1···ar−1d. (2.7)
If ∆ = gcd∇c∇d and q is a function, we have
[Dt, g
ab∇a]Tb =− 2h
ab∇aTb − (∆u
e)Te, (2.8)
[Dt,∇]q =0, (2.9)
[Dt,∆]q =− 2h
ab∇a∇bq − (∆u
e)∇eq. (2.10)
Furthermore, for r > 2,
[Dt,∇
r]q =
r−1∑
s=1
−∁s+1r (∇
s+1u) · ∇r−sq, (2.11)
where the symmetric dot product is defined to be in components(
(∇s+1u) · ∇r−sq
)
a1···ar
=
1
r!
∑
σ∈Σr
(
∇s+1aσ1 ···aσs+1u
d
)
∇r−sdaσs+2 ···aσr
q.
Denote
Hi = δijH
j = H i, βa = Hj
∂xj
∂ya
, βa = gabβb, |β|
2 = βaβ
a,
Hˆi = δijHˆ
j = Hˆ i, ̟a = Hˆj
∂xj
∂ya
, ̟a = gab̟b, |̟|
2 = ̟a̟a.
It follows that
|β| = |H|, |̟| = |Hˆ|, Hj =
∂ya
∂xj
βa, Hˆj =
∂ya
∂xj
̟a. (2.12)
From (2.5), we have
Dt̟a =Dt
(
Hˆj
∂xj
∂ya
)
=
∂xj
∂ya
DtHˆj + HˆjDt
∂xj
∂ya
=
∂xj
∂ya
(
−(∇⊥Eˆ)j + v
k∂kHˆj
)
+ Hˆj
∂xk
∂ya
∂vj
∂xk
=
∂xj
∂ya
(−∇⊥Eˆ)j +
∂xj
∂ya
∂xk
∂yb
∂yb
∂xl
vl∂kHˆj + Hˆj
∂xk
∂ya
∂vl
∂xk
∂xj
∂yb
∂yb
∂xl
=−
∂xj
∂ya
(∇⊥Eˆ)j + u
b∇b̟a +̟b∇au
b.
Due to det(∂y/∂x) ≡ 1, we get
∂xj
∂ya
(∇⊥Eˆ)j =−
∂x1
∂ya
∂Eˆ
∂x2
+
∂x2
∂ya
∂Eˆ
∂x1
= ∇⊥a Ξ,
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where ∇⊥ = (∇2,−∇1) in Lagrangian coordinates.
Thus, we have obtained
Dt̟a = −∇
⊥
a Ξ + u
b∇b̟a +̟b∇au
b.
Similarly, we get
∇1̟2 = ∇2̟1.
We also have those equations for Dtua and Dtβa, one can see [9] for details.
Thus, the system (1.3) can be written in the Lagrangian coordinates, for t > 0, as

Dtua +∇aq
+ = uc∇auc + µβ
d∇dβa, in Ω
+, (2.13a)
Dtβa = β
d∇dua + β
c∇auc, in Ω
+, (2.13b)
Dt̟a = −∇
⊥
a Ξ + u
b∇b̟a +̟b∇au
b, in Ω−, (2.13c)
∇au
a = 0 and ∇aβ
a = 0, in Ω+, (2.13d)
∇au
a = 0, ∇1̟2 = ∇2̟1, ∇a̟
a = 0, in Ω−, (2.13e)
P = 0, βaN
a = ̟aN
a = 0, on Γ, (2.13f)
ΞN⊥ = uN̟, on Γ, (2.13g)
u = 0, ̟aN
a = 0, Ξ = 0, on W, (2.13h)
where N is the unit normal vector pointing into the interior of Ω−.
Finally, the energy defined by
E0(t) =
∫
Ω+
(
1
2
|u(t)|2 +
µ
2
|β(t)|2
)
dµg +
∫
Ω−
µ
2
|̟(t)|2dµg
is conserved. Of course, it is the equivalent one as in Eulerian coordinates. It can be
easily verified by using the Gauss formula:∫
Ω+
∇aF
adµg =
∫
Γ
NaF
adµγ,
∫
Ω−
∇aF
adµg = −
∫
Γ∪W
NaF
adµγ, (2.14)
where F is a smooth vector-valued function, and (Na) denotes the outward (or inward)
unit conormal to Γ (or W ) corresponding to Ω+ (or Ω−).
3. The Estimates of the magnetic field in vacuum
Since ∇a̟
a = 0 and ∇1̟2 = ∇2̟1, we have the following L
2-estimates.
Proposition 3.1. Let r > 0 be an integer. If |θ|+1/ι0 6 K on Γ∪W , |∇N | 6 CK in
Ω−, then it holds
‖∇r+1̟‖2L2(Ω−) 6 CK
2(r+1)E0(0), ‖∇
r̟‖2L2(Γ∪W ) 6 CK
2r+1E0(0).
Proof. By the Ho¨lder inequality, we have
‖∇̟‖2L2(Ω−) =
∫
Ω−
gabgcd∇a̟c∇d̟bdµg
=
∫
Ω−
gabgcd∇a(̟c∇d̟b)dµg −
∫
Ω−
gcd̟c∆̟ddµg
=−
∫
Γ∪W
N bgcd̟c∇d̟bdµγ
=−
∫
Γ∪W
gcd̟c∇d(N
b̟b)dµγ +
∫
Γ∪W
gcd̟c∇dN
b̟bdµγ
=−
∫
Γ∪W
̟N∇N̟Ndµγ −
∫
Γ∪W
γcd̟c∇d̟Ndµγ +
∫
Γ∪W
gcd̟c∇dN
b̟bdµγ
8 C.C.HAO
=
∫
Γ∪W
γcd̟c∇dN
b̟bdµγ
6C‖θ‖L∞(Γ∪W )‖̟‖
2
L2(Γ∪W ).
We get, from Gauss’ formula, Ho¨lder’s inequalities and Cauchy’s inequality, that
‖̟‖2L2(Γ∪W ) =
∫
Γ∪W
̟c̟cdµγ =
∫
Γ∪W
NaN
a̟c̟cdµγ
=−
∫
Ω−
∇a(N
a̟c̟c)dµg
=−
∫
Ω−
∇aN
a̟c̟cdµg − 2
∫
Ω−
Na∇a̟
c̟cdµg
6C‖tr (∇N)‖L∞(Ω−)‖̟‖
2
L2(Ω−) + C‖∇̟‖L2(Ω−)‖̟‖L2(Ω−) (3.1)
6C‖tr (∇N)‖L∞(Ω−)‖̟‖
2
L2(Ω−) + δ‖∇̟‖
2
L2(Ω−) + C/δ‖̟‖
2
L2(Ω−),
for any δ > 0. Thus, it follows that
‖∇̟‖2L2(Ω−) 6C‖θ‖L∞(Γ∪W )‖tr (∇N)‖L∞(Ω−)‖̟‖
2
L2(Ω−) + Cδ‖θ‖L∞(Γ∪W )‖∇̟‖
2
L2(Ω−)
+ C/δ‖θ‖L∞(Γ∪W )‖̟‖
2
L2(Ω−).
Taking δ so small that CδK = 1/2, we get
‖∇̟‖2L2(Ω−) 6C‖θ‖L∞(Γ∪W )‖tr (∇N)‖L∞(Ω−)‖̟‖
2
L2(Ω−) + C/δ‖θ‖L∞(Γ∪W )‖̟‖
2
L2(Ω−)
6CK2‖̟‖2L2(Ω−) 6 CK
2E0(0).
We also have, with the help of (3.1), that
‖̟‖2L2(Γ∪W ) 6CK‖̟‖
2
L2(Ω−) 6 CKE0(0).
From Gauss’ formula, Ho¨lder’s inequality and Cauchy’s inequality, it follows
‖∇r̟‖2L2(Γ∪W ) =
∫
Γ∪W
NaN
a|∇r̟|2dµγ = −
∫
Ω−
∇a(N
a|∇r̟|2)dµg
6CK‖∇r̟‖2L2(Ω−) + C‖∇
r̟‖L2(Ω−)‖∇
r+1̟‖L2(Ω−). (3.2)
Since div̟ = 0 and ∇⊥ ·̟ = 0, we have, from (A.6) and (A.7), that
|∇r+1̟|2 6C1g
bcγafγAF∇rA∇a̟b∇
r
F∇f̟c,∫
Ω−
|∇r+1̟|2dµg 6C2
∫
Ω−
(gbcNaNfγAF∇rA∇b̟a∇
r
F∇c̟f +K
2|∇r̟|2)dµg.
Noticing that ∇⊥ ·̟ = 0, it follows from the Gauss formula that
(C−11 + C
−1
2 )‖∇
r+1̟‖2L2(Ω−)
6
∫
Ω−
gbcγafγAF∇rA∇a̟b∇
r
F∇c̟fdµg
+
∫
Ω−
(gbcNaNfγAF∇rA∇a̟b∇
r
F∇c̟f +K
2|∇r̟|2)dµg
=
∫
Ω−
gbc∇c(g
afγAF∇rA∇a̟b∇
r
F̟f)dµg (3.3)
−
∫
Ω−
gbcgaf∇c(γ
AF )∇rA∇a̟b∇
r
F̟fdµg (3.4)
+
∫
Ω−
K2|∇r̟|2dµg. (3.5)
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By the Ho¨lder inequalities and the Cauchy inequality, we get
|(3.4)| 6CK‖∇r̟‖L2(Ω−)‖∇
r+1̟‖L2(Ω−).
We write
(3.3) =−
∫
Γ∪W
N bgafγAF∇rA∇a̟b∇
r
F̟fdµγ
=−
∫
Γ∪W
γaf∇a(N
bγAF∇rA̟b∇
r
F̟f −NfN
cN bγAF∇rA̟b∇
r
F̟c)dµγ (3.6)
+
∫
Γ∪W
γaf∇a(N
bγAF )∇rA̟b∇
r
F̟fdµγ (3.7)
+
∫
Γ∪W
γafN bγAF∇rA̟b∇
r
F∇a̟fdµγ (3.8)
+
∫
Γ∪W
NaNfN bγAF∇rA̟b∇
r
F∇a̟fdµγ (3.9)
−
∫
Γ∪W
γaf∇aNfN
cN bγAF∇rA̟b∇
r
F̟cdµγ. (3.10)
In view of the Gauss formula, (3.6) vanishes. Due to div̟ = 0, (3.8) + (3.9) = 0. From
the Ho¨lder inequality, we have
|(3.7) + (3.10)| 6 CK‖∇r̟‖2L2(Γ∪W ).
Thus, from (3.2) and the Cauchy inequality, we get
‖∇r+1̟‖2L2(Ω−) 6CK‖∇
r̟‖2L2(Γ∪W ) + CK‖∇
r̟‖L2(Ω−)‖∇
r+1̟‖L2(Ω−)
+ CK2‖∇r̟‖2L2(Ω−)
6CK2‖∇r̟‖2L2(Ω−) + CK‖∇
r̟‖L2(Ω−)‖∇
r+1̟‖L2(Ω−)
6CK2‖∇r̟‖2L2(Ω−) +
1
2
‖∇r+1̟‖2L2(Ω−),
namely,
‖∇r+1̟‖2L2(Ω−) 6 CK
2‖∇r̟‖2L2(Ω−), (3.11)
and then
‖∇r̟‖2L2(Γ∪W ) 6CK‖∇
r̟‖2L2(Ω−). (3.12)
Therefore, by the induction argument, we have obtained the desired results. 
Lemma 3.2. Let α be a (0, r) tensor defined in Ω− ⊂ R2, and assume that |θ|L∞(Γ∪W )+
1/ι0 6 K and VolΩ
− 6 V . Then there is C = C(K, V, r, p) such that
‖α‖Lp/(2−p)(Γ∪W ) 6 C‖∇α‖Lp(Ω−) + C‖α‖Lp(Ω−), 1 6 p < 2. (3.13)
Proof. By Ho¨lder’s inequalities, Cauchy’s inequality, we get
‖α‖
p/(2−p)
Lp/(2−p)(Γ∪W )
=
∫
Γ
|α|p/(2−p)dµγ +
∫
W
|α|p/(2−p)dµγ
=−
∫
Ω−
∇a(N
a|α|p/(2−p))dµg
6CK‖α‖
p/(2−p)
Lp/(2−p)(Ω−)
+ C
p
2− p
‖α‖
2(p−1)/(2−p)
Lp/(2−p)(Ω−)
‖∇α‖Lp/(2−p)(Ω−)
6C(K +
p
2− p
)‖α‖
p/(2−p)
Lp/(2−p)(Ω−)
+ C
p
2− p
‖∇α‖
p/(2−p)
Lp/(2−p)(Ω−)
.
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Thus, we have
‖α‖Lp/(2−p)(Γ∪W ) 6C(K, r, p)‖α‖Lp/(2−p)(Ω−) + C(r, p)‖∇α‖Lp/(2−p)(Ω−)
6 (VolΩ−)(1−p)/p(C(K, r, p)‖α‖Lp(Ω−) + C(r, p)‖∇α‖Lp(Ω−))
6C(K, V, r, p)(‖∇α‖Lp(Ω−) + ‖α‖Lp(Ω−)).

Proposition 3.3. Suppose that for ι1 > 1/K1,
|N(x¯1)−N(x¯2)| 6 ε1, whenever |x¯1 − x¯2| 6 ι1, x¯1, x¯2 ∈ Γ ∪W,
and
C−10 γ
0
ab(y)Z
aZb 6 γab(t, y)Z
aZb 6 C0γ
0
ab(y)Z
aZb, if Z ∈ T (Ω−),
where γ0ab(y) = γab(0, y). Then, it holds for any integer r > 0
‖∇r̟‖L∞(Γ∪W ) 6 C(r,K,K1,VolΩ
−)E
1/2
0 (0),
and
‖Π∇r|̟|2‖L2(Γ∪W ) 6C(r,K,K1,VolΩ
−)E0(0).
Proof. From (A.10) and (3.13), it follows
‖∇s̟‖L∞(Γ∪W ) 6C‖∇
s+1̟‖L4(Γ∪W ) + C(K1)‖∇
s̟‖L4(Γ∪W )
6C(K,K1,VolΩ
−)
2∑
ℓ=0
‖∇s+ℓ̟‖L2(Ω−)
6C(K,K1,VolΩ
−)
2∑
ℓ=0
Ks+ℓE
1/2
0 (0)
6C(s,K,K1,VolΩ
−)E
1/2
0 (0).
By the Ho¨lder inequality, Proposition 3.1, (A.10), and the Cauchy inequality, we have
‖Π∇r|̟|2‖L2(Γ∪W ) 6 C
[r/2]∑
m=0
‖∇m̟‖L∞(Γ∪W )‖∇
r−m̟‖L2(Γ∪W )
6C
[r/2]∑
m=0
(‖∇m+1̟‖L4(Γ∪W ) + C(K1)‖∇
m̟‖L4(Γ∪W ))K
r−m+1/2E
1/2
0 (0)
6C(K1,VolΩ
−)E
1/2
0 (0)
[r/2]∑
m=0
2∑
ℓ=0
‖∇m+ℓ̟‖L2(Ω−)K
r−m+1/2
6C(K1,VolΩ
−)
[r/2]∑
m=0
2∑
ℓ=0
Km+ℓKr−m+1/2E0(0)
6C(r,K,K1,VolΩ
−)E0(0).

MOTION OF 2D FREE IDEAL INCOMPRESSIBLE MHD 11
4. The estimates of the electric field in vacuum
Although the electric field can be regarded as a secondary variable due to
∇⊥Eˆ = −Hˆt,
we have to use the estimates of the electric field in vacuum in order to get the energy
estimates. In fact, we can prove the following estimates.
Proposition 4.1. If |θ| + 1/ι0 6 K on Γ ∪W and ∇
⊥Ξ0 ∈ L
2(Ω−), then it holds for
any integer r > 0
‖∇r(∇⊥Ξ)‖2L2(Ω−) + ‖∇
r(∇⊥Ξ)‖2L2(Γ∪W )
6C(r,K)
[
‖∇⊥Ξ0‖
2
L2(Ω−) + E0(0) sup
τ∈[0,t]
2∑
ℓ=0
‖∇ℓu(τ)‖2L2(Γ)
]
· exp
(
C(K)
∫ t
0
‖uN(τ)‖L∞(Γ)dτ
)
,
where Ξ0 is the initial datum of Ξ at t = 0.
Proof. From (2.13c) and (A.4), we have on boundaries Γ ∪W
Na∇⊥aΞ =N
dua∇a̟d −∇audN
d̟a.
It is clear to see that Ξ is a solution of the following mixed problem

∆Ξ = 0, in Ω−, (4.1a)
Ξ = f1, ∇N⊥Ξ = f2, on Γ, (4.1b)
Ξ = 0, ∇N⊥Ξ = 0, on W, (4.1c)
where f1 = uN(̟1N2 −̟2N1) and f2 = ∇audN
d̟a −Ndua∇a̟d.
By Ho¨lder’s inequality, we get
‖∇∇⊥Ξ‖2L2(Ω−) =
∫
Ω−
gabγcd∇c∇
⊥
aΞ∇d∇
⊥
b Ξdµg
=
∫
Ω−
gab∇⊥a (γ
cd∇cΞ∇d∇bΞ)dµg −
∫
Ω−
gab∇⊥a γ
cd∇cΞ∇d∇bΞdµg
=−
∫
Γ∪W
(N⊥)bγcd∇cΞ∇d∇bΞdµγ +
∫
Ω−
gab∇aγ
cd∇cΞ∇d∇
⊥
b Ξdµg
=−
∫
Γ
γcd∇cΞ∇d(∇N⊥Ξ)dµγ −
∫
Γ
γcd∇cΞ∇dN
b∇⊥b Ξdµγ
+
∫
Ω−
gab∇aγ
cd∇cΞ∇d∇
⊥
b Ξdµg
6C‖∇f1‖L2(Γ)‖∇f2‖L2(Γ) + C‖θ‖L∞(Γ)‖∇f1‖L2(Γ)‖∇
⊥Ξ‖L2(Γ)
+ CK‖∇⊥Ξ‖L2(Ω−)‖∇∇
⊥Ξ‖L2(Ω−).
Similar to (3.1), we have for any δ > 0
‖∇⊥Ξ‖2L2(Γ) 6C(K + 1/δ)‖∇
⊥Ξ‖2L2(Ω−) + δ‖∇∇
⊥Ξ‖2L2(Ω−). (4.2)
Thus, in view of (A.6) and Cauchy’s inequality, it follows that
‖∇∇⊥Ξ‖2L2(Ω−) 6C‖∇∇
⊥Ξ‖2L2(Ω−)
6C‖∇f1‖L2(Γ)‖∇f2‖L2(Γ) + C‖∇f1‖
2
L2(Γ)
+ C(K + 1)(K + 1/δ)‖∇⊥Ξ‖2L2(Ω−) + C(K + 1)δ‖∇∇
⊥Ξ‖2L2(Ω−)
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+ CK2‖∇⊥Ξ‖2L2(Ω−) +
1
4
‖∇∇⊥Ξ‖2L2(Ω−).
Taken δ so small that C(K + 1)δ < 1/4, it yields
‖∇∇⊥Ξ‖2L2(Ω−) 6C‖∇f1‖L2(Γ)‖∇f2‖L2(Γ) + C‖∇f‖
2
L2(Γ) + C(K)‖∇
⊥Ξ‖2L2(Ω−). (4.3)
Similar to the derivation of (2.13c), we can get, due to Eˆt = 0, that
Dt∇
⊥
aΞ = u
b∇b∇
⊥
aΞ +∇au
b∇⊥b Ξ. (4.4)
It follows that
d
dt
∫
Ω−
|∇⊥Ξ |2dµg = −
∫
Γ
uN |∇
⊥Ξ |2dµγ,
which yields
‖∇⊥Ξ(t)‖2L2(Ω−) 6 ‖∇
⊥Ξ0‖
2
L2(Ω−) +
∫ t
0
‖uN(τ)‖L∞(Γ)‖∇
⊥Ξ(τ)‖2L2(Γ)dτ. (4.5)
From (4.3), (4.5) and (4.2), we obtain
‖∇⊥Ξ(t)‖2L2(Ω−) + ‖∇∇
⊥Ξ‖2L2(Ω−)
6C‖∇f1‖
2
L2(Γ) + C‖∇f2‖
2
L2(Γ) + C(K)‖∇
⊥Ξ0‖
2
L2(Ω−)
+ C(K)
∫ t
0
‖uN(τ)‖L∞(Γ)‖∇
⊥Ξ(τ)‖2L2(Γ)dτ
6C‖∇f1‖
2
L2(Γ) + C‖∇f2‖
2
L2(Γ) + C(K)‖∇
⊥Ξ0‖
2
L2(Ω−)
+ C(K)
∫ t
0
‖uN(τ)‖L∞(Γ)
(
‖∇⊥Ξ(τ)‖2L2(Ω−) + ‖∇∇
⊥Ξ(τ)‖2L2(Ω−)
)
dτ,
which implies, by Gro¨nwall’s inequality, that
‖∇⊥Ξ(t)‖2L2(Ω−) + ‖∇∇
⊥Ξ‖2L2(Ω−)
6
[
C sup
τ∈[0,t]
[
‖∇f1(τ)‖
2
L2(Γ) + ‖∇f2(τ)‖
2
L2(Γ)
]
+ C(K)‖∇⊥Ξ0‖
2
L2(Ω−)
]
· exp
(
C(K)
∫ t
0
‖uN(τ)‖L∞(Γ)dτ
)
.
By the definition of f1 and f2 and Proposition 3.1, we have
‖∇f1‖L2(Γ) =‖∇[uN(̟1N2 −̟2N1)]‖L2(Γ)
6C‖θ‖L∞(Γ)‖u‖L2(Γ)‖̟‖L2(Γ) + ‖∇u‖L2(Γ)‖̟‖L2(Γ) + ‖u‖L2(Γ)‖∇̟‖L2(Γ)
6C(K)
[
‖u‖L2(Γ) + ‖∇u‖L2(Γ)
]
E
1/2
0 (0),
‖∇f2‖L2(Γ) =‖∇(N
dua∇a̟d −∇audN
d̟a)‖L2(Γ)
6 ‖θ‖L∞(Γ)‖u‖L2(Γ)‖∇̟‖L2(Γ) + ‖∇u‖L2(Γ)‖∇̟‖L2(Γ)
+ ‖u‖L2(Γ)‖∇
2̟‖L2(Γ) + ‖∇
2u‖L2(Γ)‖̟‖L2(Γ)
+ ‖θ‖L∞(Γ)‖∇u‖L2(Γ)‖̟‖L2(Γ)
6C(K)
[
‖u‖L2(Γ) + ‖∇u‖L2(Γ) + ‖∇
2u‖L2(Γ)
]
E
1/2
0 (0)
6C(K)E
1/2
0 (0)
2∑
ℓ=0
‖∇ℓu‖L2(Γ).
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Therefore, we obtain,combining with (4.2), that
‖∇⊥Ξ‖2L2(Ω−) + ‖∇∇
⊥Ξ‖2L2(Ω−) + ‖∇
⊥Ξ‖2L2(Γ∪W )
6C(K)
[
‖∇⊥Ξ0‖
2
L2(Ω−) + E0(0) sup
τ∈[0,t]
2∑
ℓ=0
‖∇ℓu(τ)‖2L2(Γ)
]
· exp
(
C(K)
∫ t
0
‖uN(τ)‖L∞(Γ)dτ
)
.
Since ∇a(∇
⊥Ξ)a = 0 and ∇⊥ · ∇⊥Ξ = 0, it is similar to ̟. One can verify that the
lines between (3.2) and (3.12) also hold if ̟ is replaced by ∇⊥Ξ everywhere in those
lines. Thus, we can obtain for any r > 1
‖∇r+1∇⊥Ξ‖2L2(Ω−) 6 CK
2‖∇r∇⊥Ξ‖2L2(Ω−), (4.6)
and
‖∇r∇⊥Ξ‖2L2(Γ∪W ) 6CK‖∇
r∇⊥Ξ‖2L2(Ω−). (4.7)
Hence, we get for any r > 0
‖∇r∇⊥Ξ‖2L2(Ω−) + ‖∇
r∇⊥Ξ‖2L2(Γ∪W )
6C(K,VolΩ+)
[
‖∇⊥Ξ0‖
2
L2(Ω−) + E0(0) sup
τ∈[0,t]
2∑
ℓ=0
‖∇ℓu(τ)‖2L2(Ω+)
]
· exp
(
C(K)
∫ t
0
‖uN(τ)‖L∞(Γ)dτ
)
.
Thus, we obtain the desired results. 
5. The first order energy estimates
We have
Dt∇aub +∇a∇bq
+ =∇buc∇au
c + µβc∇c∇aβb + µ∇aβ
c∇cβb, (5.1)
Dt∇aβb =∇buc∇aβ
c + βc∇c∇aub +∇aβ
c∇cub. (5.2)
The first order energy is given by
E1(t) =
∫
Ω+
gbdγaf∇aub∇fuddµg + µ
∫
Ω+
gbdγaf∇aβb∇fβddµg
+
∫
Ω+
|∇⊥ · u|2dµg + µ
∫
Ω+
|∇⊥ · β|2dµg.
Then, we have the following estimates.
Proposition 5.1. If for any smooth solutions of (2.13), it holds ‖∇p(t)‖L2(Ω+) 6 M in
[0, T ] and
|∇u| 6 M, in [0, T ]× Ω+, (5.3)
|θ|+ 1/ι0 6 K, on [0, T ]× Γ, (5.4)
then, we have for t ∈ [0, T ]
E1(t) 6 e
(C(K)M+1)tE1(0) + C(K,K1,VolΩ)E0(0)(e
(C(K)M+1)t − 1). (5.5)
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Proof. Since Dtdµg = trhdµg = 0 due to tr h = ∇au
a = 0, we have, by noticing that
∇aβ
a = 0 in Ω+, that
d
dt
E1(t) =
∫
Ω+
Dtg
bdγaf∇aub∇fuddµg +
∫
Ω+
gbdDtγ
af∇aub∇fuddµg
+ 2
∫
Ω+
gbdγafDt∇aub∇fuddµg + µ
∫
Ω+
Dtg
bdγaf∇aβb∇fβddµg
+ µ
∫
Ω+
gbdDtγ
af∇aβb∇fβddµg + 2µ
∫
Ω+
gbdγafDt∇aβb∇fβddµg
+ 2µ
∫
Ω−
gbdγafDt∇a̟b∇f̟ddµg
+ 2
∫
Ω+
(∇1u2 −∇2u1)Dt(∇1u2 −∇2u1)dµg
+ 2µ
∫
Ω+
(∇1β2 −∇2β1)Dt(∇1β2 −∇2β1)dµg
=− 2
∫
Ω+
hbdγaf∇aub∇fuddµg − 2
∫
Ω+
γachceγ
ef∇aub∇fu
bdµg
− 2
∫
Γ
Nbγ
af∇aq
+∇fu
bdµγ + 2
∫
Ω+
∇bγ
af∇aq
+∇fu
bdµg
+ 2
∫
Ω+
γaf∇buc∇au
c∇fu
bdµg + 2µ
∫
Γ
Ncβ
cγaf∇aβb∇fu
bdµγ
− 2µ
∫
Ω+
∇cγ
afβc∇aβb∇fu
bdµg + 2µ
∫
Ω+
γaf∇aβ
c∇cβb∇fu
bdµg
− 2µ
∫
Ω+
hbdγaf∇aβb∇fβddµg − 2µ
∫
Ω+
γachceγ
ef∇aβb∇fβ
bdµg
+ 2µ
∫
Ω+
γaf∇buc∇aβ
c∇fβ
bdµg + 2µ
∫
Ω+
γaf∇aβ
c∇cub∇fβ
bdµg
+ 2µ
∫
Γ
Ncβ
c(∇1u2 −∇2u1)(∇1β2 −∇2β1)dµg
+ 4µ
∫
Ω+
(∇1β2 −∇2β1)∇1β1(∇1u2 +∇2u1)dµg
+ 4µ
∫
Ω+
(∇1β2 −∇2β1)∇2u2(∇1β2 +∇2β1)dµg.
From (2.13f), the last two boundary integrals vanish, and the first boundary integral
above is equal to
− 2
∫
Γ
Nbγ
af∇aq
−∇fu
bdµγ
=− 2
∫
Γ
γaf∇f (Nb∇aq
−ub −NaN
cNb∇cq
−ub)dµγ (5.6)
+ 2
∫
Γ
tr θN cNb∇cq
−ubdµγ + 2
∫
Γ
γaf∇fNb∇aq
−ubdµγ (5.7)
+ 2
∫
Γ
γafNb∇f∇aq
−ubdµγ (5.8)
6Cµ‖θ‖L∞(Γ)‖̟‖L2(Γ)‖∇̟‖L2(Γ)‖u‖L∞(Γ) + Cµ‖Π∇
2|̟|2‖L2(Γ)‖u‖L2(Γ)
6C(K,K1,VolΩ)(E0(0) + E
1/2
0 (0)E
1/2
1 (t)),
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where (5.6) vanishes due to Gauss’ formula, and we have used Propositions 3.1 and 3.3,
and ‖u‖L2(Γ) 6 C(K,VolΩ
+)(‖u‖L2(Ω+) + ‖∇u‖L2(Ω+)) in view of (3.13).
Thus, by Ho¨lder’s inequalities and |∇u|+ |∇p| 6 M in Ω+, we get
d
dt
E1(t) 6 C(K,K1,VolΩ)E0(0) + (C(K)M + 1)E1(t),
which yields (5.5) from the Gro¨nwall inequality. 
6. The second order energy estimates
By (2.7), we have
Dt∇a2∇a1ub =−∇a2∇a1∇bq
+ +∇a2∇a1u
c(∇buc −∇cub) + µ∇a2β
c∇c∇a1βb
+ µβc∇c∇a2∇a1βb + µ∇a2∇a1β
c∇cβb + µ∇a1β
c∇a2∇cβb, (6.1)
Dt∇a2∇a1βb =−∇a2∇a1u
c∇cβb + hbc∇a2∇a1β
c + βc∇c∇a2∇a1ub
+∇a1β
c∇a2∇cub +∇a2β
c∇a1∇cub. (6.2)
Define the r-th order energy as
E2(t) =
∫
Ω+
gbdγa1f1γa2f2∇a2∇a1ub∇f2∇f1uddµg
+ µ
∫
Ω+
gbdγa1f1γa2f2∇a2∇a1βb∇f2∇f1βddµg
+
∫
Ω+
|∇∇⊥ · u|2dµg + µ
∫
Ω+
|∇∇⊥ · β|2dµg
+
∫
Γ
γa1f1γa2f2∇a2∇a1P∇f2∇f1P ϑdµγ,
where ϑ = −1/∇NP .
Proposition 6.1. For t ∈ [0, T ], assume that |θ| + 1/ι0 6 K and |∇NDtP | 6 L on Γ,
|∇u|+ |∇β| 6 M in Ω+ ∪ Γ, then we have for t ∈ [0, T ],
E2(t) 6 e
CtE2(0) + C(e
Ct − 1),
where the constants C’s depend on K, K1, M , L, 1/ε, VolΩ, E0(0) and E1(0) and maybe
differ from each other.
Proof. By (6.1) and div u = 0, we get
Dt∇a(∇
⊥ · β) =Dt∇a(g
de∇⊥d βe) = −Dt(g
de∇a∇dβ
⊥
e )
=2hde∇a∇dβ
⊥
e − g
deDt∇a∇dβ
⊥
e
=2hde∇a∇dβ
⊥
e + g
de∇a∇du
c∇cβ
⊥
e −
1
2
gde(∇⊥e uc +∇cu
⊥
e )∇a∇dβ
c
+ βc∇c∇a(∇
⊥ · u)− gde∇dβ
c∇a∇cu
⊥
e +∇aβ
c∇c(∇
⊥ · u), (6.3)
and similarly
Dt∇a(∇
⊥ · u) =2hde∇a∇du
⊥
e − g
de∇a∇du
c(∇⊥e uc −∇cu
⊥
e ) + µ∇aβ
c∇c(∇
⊥ · β)
+ µβc∇c∇a(∇
⊥ · β)− µgde∇a∇dβ
c∇cβ
⊥
e − µg
de∇dβ
c∇c∇aβ
⊥
e . (6.4)
Since tr h = 0, it follows that
d
dt
∫
Ω+
|∇∇⊥ · u|2dµg + µ
d
dt
∫
Ω+
|∇∇⊥ · β|2dµg
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=
∫
Ω+
Dt[g
ab∇a(∇
⊥ · u)∇b(∇
⊥ · u)]dµg + µ
∫
Ω+
Dt[g
ab∇a(∇
⊥ · β)∇b(∇
⊥ · β)]dµg
=− 2
∫
Ω+
hab∇a(∇
⊥ · u)∇b(∇
⊥ · u)dµg − 2µ
∫
Ω+
hab∇a(∇
⊥ · β)∇b(∇
⊥ · β)dµg
+ 2
∫
Ω+
gabDt[∇a(∇
⊥ · u)]∇b(∇
⊥ · u)dµg
+ 2µ
∫
Ω+
gabDt[∇a(∇
⊥ · β)]∇b(∇
⊥ · β)dµg
=− 2
∫
Ω+
hab∇a(∇
⊥ · u)∇b(∇
⊥ · u)dµg − 2µ
∫
Ω+
hab∇a(∇
⊥ · β)∇b(∇
⊥ · β)dµg (6.5)
+ 4
∫
Ω+
gabhde∇a∇du
⊥
e ∇b(∇
⊥ · u)dµg (6.6)
− 2
∫
Ω+
gabgde∇a∇du
c(∇⊥e uc −∇cu
⊥
e )∇b(∇
⊥ · u)dµg (6.7)
+ 2µ
∫
Ω+
gab∇aβ
c∇c(∇
⊥ · β)∇b(∇
⊥ · u)dµg (6.8)
+ 2µ
∫
Γ
Ncβ
cgab∇a(∇
⊥ · β)∇b(∇
⊥ · u)dµγ (6.9)
− 2µ
∫
Ω+
gabgde∇a∇dβ
c∇cβ
⊥
e ∇b(∇
⊥ · u)dµg (6.10)
− 2µ
∫
Ω+
gabgde∇dβ
c∇c∇aβ
⊥
e ∇b(∇
⊥ · u)dµg (6.11)
+ 4µ
∫
Ω+
gabhde∇a∇dβ
⊥
e ∇b(∇
⊥ · β)dµg (6.12)
+ 2µ
∫
Ω+
gabgde∇a∇du
c∇cβ
⊥
e ∇b(∇
⊥ · β)dµg (6.13)
− µ
∫
Ω+
gabgde(∇⊥e uc +∇cu
⊥
e )∇a∇dβ
c∇b(∇
⊥ · β)dµg (6.14)
− 2µ
∫
Ω+
gabgde∇dβ
c∇a∇cu
⊥
e ∇b(∇
⊥ · β)dµg (6.15)
+ 2µ
∫
Ω+
gab∇aβ
c∇c(∇
⊥ · u)∇b(∇
⊥ · β)dµg. (6.16)
Due to β ·N = 0 on Γ, (6.9) = 0. Thus, by the Ho¨lder inequalities and the Gauss formula,
we obtain
d
dt
∫
Ω+
|∇∇⊥ · u|2dµg + µ
d
dt
∫
Ω+
|∇∇⊥ · β|2dµg
6C(K)(‖∇u‖L∞(Γ) + µ‖∇β‖L∞(Γ))E2(t) 6 C(K,M)E2(t).
Therefore, by the Ho¨lder inequalities, we have
d
dt
E2(t) 6 − 2
∫
Ω+
γa1f1γa2f2∇a2∇a1∇bq
+∇f2∇f1u
bdµg (6.17)
+ 2µ
∫
Γ
Ncβ
cγa1f1γa2f2∇a2∇a1βb∇f2∇f1u
bdµγ (6.18)
+ 2
∫
Γ
γa1f1γa2f2∇a2∇a1PDt∇f2∇f1P ϑdµγ (6.19)
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+
∫
Γ
γa1f1γa2f2∇a2∇a1P∇f2∇f1P
(
ϑt
ϑ
− hNN
)
ϑdµγ (6.20)
+ C(K,M)E2(t),
where (6.18) = 0 because β ·N = 0 on the boundary Γ. From Gauss’ formula, it follows
that
(6.17) =− 2
∫
Γ
γa1f1γa2f2∇a2∇a1q
+∇f2∇f1u
bNbdµγ (6.21)
+ 2
∫
Ω+
∇b(γ
a1f1γa2f2)∇a2∇a1q
+∇f2∇f1u
bdµg. (6.22)
By (2.11) and ∇aP = Na∇NP (since P = 0 on Γ), we get
Dt∇
2P = −∇2u · ∇P +∇2DtP = (∇
2u ·N)ϑ−1 +∇2DtP,
and then
(6.19) + (6.21) =2
∫
Γ
γa1f1γa2f2∇a2∇a1P∇f2∇f1DtP ϑdµγ (6.23)
− 2
∫
Γ
γa2f2γa1f1∇a2∇a1q
−∇f2∇f1u
bNbdµγ. (6.24)
From Gauss’ formula, Ho¨lder’s inequality, Proposition 3.1 and (A.13), it follows that
(6.24) =− 2
∫
Γ
γa2f2∇f2 [γ
a1f1∇a2∇a1q
−∇f1u
bNb − γ
a1f1Na2N
c∇c∇a1q
−∇f1u
bNb]dµγ
+ 2
∫
Γ
γa2f2∇f2 [γ
a1f1∇a2∇a1q
−Nb]∇f1u
bdµγ
− 2
∫
Γ
γa2f2∇f2Na2γ
a1f1N c∇c∇a1q
−∇f1u
bNbdµγ
6C(K)E0(0)‖∇u‖L2(Γ)
6C(K,VolΩ+)E0(0)(‖∇
2u‖L2(Ω+) + ‖∇u‖L2(Ω+))
6C(K,VolΩ+)E0(0)(E
1/2
2 (t) + E
1/2
1 (t)).
By Ho¨lder’s inequality, we get
(6.23) 6C‖ϑ‖
1/2
L∞(Γ)E
1/2
2 (t)‖Π∇
2DtP‖L2(Γ),
(6.22) 6CK‖∇2q+‖L2(Ω+)E
1/2
2 (t),
(6.20) 6
C
ε
‖∇NDtP‖L∞(Γ)E2(t) 6 C(L/ε)E2(t),
since from (A.4) and ∇aP = Na∇NP on Γ
ϑt
ϑ
=−
Dt∇NP
∇NP
=
2hadN
d∇aP
∇NP
− hNN −
∇NDtP
∇NP
= hNN −
∇NDtP
∇NP
. (6.25)
From (2.13), it follows that
∆q+ = −∇au
b∇bu
a + µ∇aβ
b∇bβ
a. (6.26)
By (A.8), (6.26), (A.2), Proposition 3.3, (A.11) and Ho¨lder’s inequality, we have
‖∇q+‖L2(Γ) + ‖∇
2q+‖L2(Ω+)
6 δ‖Π∇2q+‖L2(Γ) + C(1/δ,K,VolΩ
+)‖∆q+‖L2(Ω+)
6 δ‖Π∇2P‖L2(Γ) + δ‖Π∇
2q−‖L2(Γ)
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+ C(1/δ,K,VolΩ+,M)[‖∇u‖L2(Ω+) + ‖∇β‖L2(Ω+)]
6 δ‖θ∇NP‖L2(Γ) + δC(K,K1,VolΩ
−)E0(0)
+ C(1/δ,K,VolΩ+,M)(K1‖∇u‖L2(Ω+) + ‖∇
2u‖L2(Ω+))
+ C(1/δ,K,VolΩ+,M)(K1‖∇β‖L2(Ω+) + ‖∇
2β‖L2(Ω+))
6 δ‖θ‖L∞(Γ)(‖∇q
+‖L2(Γ) + ‖∇q
−‖L2(Γ)) + δC(K,K1,VolΩ
−)E0(0)
+ C(1/δ,K,K1,VolΩ
+,M)E
1/2
1 (t) + C(1/δ,K,VolΩ
+,M)E
1/2
2 (t)
6 δK‖∇q+‖L2(Γ) + δC(K,K1,VolΩ
−)E0(0)
+ C(1/δ,K,K1,VolΩ
+,M)E
1/2
1 (t) + C(1/δ,K,VolΩ
+,M)E
1/2
2 (t),
which yields by taking δK 6 1/2
‖∇q+‖L2(Γ) + ‖∇
2q+‖L2(Ω+)
6C(K,K1,VolΩ
−)E0(0) + C(K,K1,M,VolΩ
+)E
1/2
1 (t) + C(K,M,VolΩ
+)E
1/2
2 (t).
Thus, it implies, from Cauchy’s inequality, that
(6.22) 6 C(K,K1,VolΩ
−)E20(0) + C(K,K1,M,VolΩ
+)E1(t) + C(K,M,VolΩ
+)E2(t).
From (A.2) with the fact DtP = P = 0 on Γ and Ho¨lder’s inequality, it follows that
‖Π∇2DtP‖L2(Γ) =‖θ∇NDtP‖L2(Γ) = ‖ϑΠ∇
2P∇NDtP‖L2(Γ)
6C‖ϑ‖
1/2
L∞(Γ)‖ϑ
1/2Π∇2P‖L2(Γ)‖∇NDtP‖L∞(Γ)
6C(1/ε)LE
1/2
2 (t),
which yields
(6.23) 6 C(1/ε)LE2(t).
Therefore,
d
dt
E2(t) 6C(K,K1,VolΩ
−)E20(0) + C(K,K1,M,VolΩ
+)E1(t)
+ C(1/ε,K,M,L,VolΩ+)E2(t),
which implies the desired estimates in view of the Gro¨nwall inequality. 
7. The third order energy estimates
We can get
Dt∇
3ua +∇
3∇aq
+ =(∇auc −∇cua)∇
3uc + µβc∇c∇
3βa + 3µ∇β · ∇
3βa
+ µ∇3βc∇cβa − 3∇
2uc∇∇cua + 3µ∇
2βc∇∇cβa, (7.1)
and
Dt∇
3βa =(∇auc +∇cua)∇
3βc −∇3uc∇cβa + β
c∇c∇
3ua + 3∇β · ∇
3ua
− 3∇2uc∇∇cβa + 3∇
2βc∇∇cua. (7.2)
Define the third order energy as
E3(t) =
∫
Ω+
gbdγafγAF∇2A∇aub∇
2
F∇fuddµg + µ
∫
Ω+
gbdγafγAF∇2A∇aβb∇
2
F∇fβddµg
+
∫
Ω+
|∇2(∇⊥ · u)|2dµg + µ
∫
Ω+
|∇2(∇⊥ · β)|2dµg
MOTION OF 2D FREE IDEAL INCOMPRESSIBLE MHD 19
+
∫
Γ
γafγAF∇2A∇aP∇
2
F∇fP ϑdµγ,
where ϑ = −1/∇NP as before.
Theorem 7.1. For any smooth solution of MHD (2.13) satisfying
|∇P |+ |∇u|+ |∇β| 6M, in [0, T ]× Ω, (7.3)
|θ|+ 1/ι0 6K, on [0, T ]× Γ, (7.4)
−∇NP > ε >0, on [0, T ]× Γ, (7.5)
|∇2P |+ |∇NDtP | 6L, on [0, T ]× Γ, (7.6)
we have, for t ∈ [0, T ],
E3(t) 6 e
C1tE3(0) + C2e
C3t
(
eC4t − 1
)
, (7.7)
where the constant Ci > 0 depends on K, K1, M , M1, L, 1/ε, VolΩ, E0(0), E1(0), and
E2(0); both C2 and C3 also depend on ‖∇
⊥Ξ0‖L2(Ω−).
Proof. Since trh = 0, we have
d
dt
E3(t) =
∫
Ω+
Dt
(
gbdγafγAF∇2A∇aub∇
2
F∇fud
)
dµg (7.8)
+ µ
∫
Ω+
Dt
(
gbdγafγAF∇2A∇aβb∇
2
F∇fβd
)
dµg (7.9)
+
∫
Ω+
Dt|∇
2(∇⊥ · u)|2dµg + µ
∫
Ω+
Dt|∇
2(∇⊥ · β)|2dµg (7.10)
+
∫
Γ
Dt
(
γafγAF∇2A∇aP∇
2
F∇fP
)
ϑdµγ (7.11)
+
∫
Γ
γafγAF∇2A∇aP∇
2
F∇fP
(
ϑt
ϑ
− hNN
)
ϑdµγ. (7.12)
From Lemmas 2.1 and A.3, we get in Ω+,
Dt
(
gbdγafγAF∇2A∇aub∇
2
F∇fud
)
=− 2∇cueγ
afγAF∇2A∇au
c∇2F∇fu
e − 12∇cueγ
acγefγAF∇2A∇au
d∇2F∇fud
− 2γafγAF∇2F∇fu
b∇2A∇a∇bq
+ + 2γafγAF∇2F∇fu
b(∇buc −∇cub)∇
2
A∇au
c
+ 2µγafγAF∇2F∇fud
(
βc∇c∇
3
Aaβ
d
)
+ 6µγafγAF∇2F∇fud(∇β
c∇2∇cβ
d)Aa
+ 2µγafγAF∇2F∇fud∇
3
Aaβ
c∇cβb − 6γ
afγAF∇2F∇fud∇
2
Au
c∇a∇cub
+ 6γafγAF∇2F∇fudµ∇
2
Aβ
c∇a∇cβb,
and
Dt
(
gbdγafγAF∇2A∇aβb∇
2
F∇fβd
)
=− 2∇cueγ
afγAF∇2A∇aβ
c∇2F∇fβ
e − 6∇cueγ
acγefγAF∇2A∇aβ
d∇2F∇fβd
+ 2γafγAF∇2F∇fβ
b(∇buc +∇cub)∇
2
A∇aβ
c − 2γafγAF∇2F∇fβ
b∇cβb∇
2
A∇au
c
+ 2γafγAF∇2F∇fβ
dβc∇c∇
3
Aaud + 6γ
afγAF∇2F∇fβ
d(∇β · ∇3ub)Aa
− 6γafγAF∇2F∇fβ
d∇2Au
c∇a∇cβb + 6γ
afγAF∇2F∇fβ
d∇2Aβ
c∇a∇cub,
and on the interface Γ,
Dt
(
γafγAF∇3AaP∇
3
FfP
)
= −6∇cueγ
acγefγAF∇3AaP∇
3
FfP + 2γ
afγAF∇3AaPDt∇
3
FfP.
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Thus, we get
(7.8) + (7.9) + (7.11)
6C
(
‖∇u‖L∞(Ω+) + ‖∇β‖L∞(Ω+)
)
E3(t) (7.13)
+ CE
1/2
3 (t)
(
‖∇2u‖L∞(Ω+) + ‖∇
2β‖L∞(Ω+)
)
·
(
‖∇2u‖L2(Ω+) + ‖∇
2β‖L2(Ω+)
)
(7.14)
+ 2
∫
Γ
γafγAF∇3AaP
(
Dt∇
3
FfP −
1
ϑ
Nb∇
3
Ffu
b
)
ϑdµγ (7.15)
− µ
∫
Γ
γafγAF∇3Aa|̟|
2Nb∇
3
Ffu
bdµγ (7.16)
+ 2
∫
Ω+
∇b
(
γafγAF
)
∇3Ffu
b∇3Aaq
+dµg (7.17)
+ 2µ
∫
Γ
Ncγ
afγAF∇2F∇fudβ
c∇3Aaβ
ddµγ (7.18)
− 2µ
∫
Ω+
∇c
(
γafγAF
)
∇2F∇fudβ
c∇3Aaβ
ddµg. (7.19)
From Lemma A.7, it follows that
|(7.14)| 6 C(K,K1,VolΩ)
(
E2(t)E
1/2
3 (t) + E
1/2
2 (t)E3(t)
)
.
By Gauss’ formula, Proposition 3.3 and (3.13), we get
(7.16) =− µ
∫
Γ
γaf∇f [γ
AF∇3Aa|̟|
2Nb∇
2
Fu
b −NaN
cγAF∇3Ac|̟|
2Nb∇
2
Fu
b]dµγ
+ µ
∫
Γ
γaf∇f [γ
AF∇3Aa|̟|
2Nb]∇
2
Fu
bdµγ
− µ
∫
Γ
γaf∇fNaN
cγAF∇3Ac|̟|
2Nb∇
2
Fu
bdµγ
6µC(K,K1,VolΩ
−)E0(0)‖∇
2u‖L2(Γ)
6µC(K,K1,VolΩ
−,VolΩ+)E0(0)(‖∇
3u‖L2(Ω+) + ‖∇
2u‖L2(Ω+))
6µC(K,K1,VolΩ)E0(0)
(
E
1/2
3 (t) + E
1/2
2 (t)
)
.
From (A.10) and (3.13), it follows
‖u‖L∞(Γ) 6 C(K1)
2∑
s=0
‖∇su‖L2(Ω+) 6 C(K1)
2∑
s=0
E1/2s (t).
From Lemma A.8, it follows, for ι1 > 1/K1, that
‖β‖L∞(Ω+) 6 C
∑
06 s6 2
K
n/2−s
1 ‖∇
sβ‖L2(Ω+) 6 C(K1)
2∑
s=0
E1/2s (t). (7.20)
Thus, with the help of the Ho¨lder inequality, we have
(7.19) 6CK‖β‖L∞(Ω+)E3(t) 6 C(K,K1)
(
2∑
s=0
E1/2s (t)
)
E3(t).
From the Ho¨lder inequality, we get
(7.17) 6 CKE
1/2
3 (t)‖∇
3q+‖L2(Ω+).
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We have from (6.26)
∇∆q+ =∇
(
−∇au
b∇bu
a + µ∇aβ
b∇bβ
a
)
= −2∇∇au
b∇bu
a + 2µ∇∇aβ
b∇bβ
a.
From (7.20), we get for s > 0
‖∇sβ‖L∞(Ω+) 6C
2∑
ℓ=0
K
n/2−ℓ
1 ‖∇
ℓ+sβ‖L2(Ω+) 6 C(K1)
2∑
ℓ=0
E
1/2
s+ℓ(t), (7.21)
and, similarly,
‖∇su‖L∞(Ω+) 6 C(K1)
2∑
ℓ=0
E
1/2
s+ℓ(t). (7.22)
From Ho¨lder’s inequality, (7.21) and (7.22), we get that
‖∇∆q+‖L2(Ω+) 6 2‖∇∇au
b∇bu
a‖L2(Ω+) + 2µ‖∇∇aβ
b∇bβ
a‖L2(Ω+)
6C‖∇u‖L∞(Ω+)‖∇
2u‖L2(Ω+) + C‖∇β‖L∞(Ω+)‖∇
2β‖L2(Ω+)
6C(K1)E
1/2
2 (t)
3∑
ℓ=1
E
1/2
ℓ (t)
6C(K1)
2∑
ℓ=1
Eℓ(t) + C(K1)E
1/2
2 (t)E
1/2
3 (t). (7.23)
We have from the assumption (7.3) and Ho¨lder’s inequality,
‖∆q+‖L2(Ω+) 6C‖∇u‖L2(Ω+)‖∇u‖L∞(Ω+) + C‖∇β‖L2(Ω+)‖∇β‖L∞(Ω+)
6CME
1/2
1 (t), (7.24)
which is a lower energy term. Thus, by (A.8), (7.23) and (7.24), we obtain
‖∇2q+‖L2(Γ) + ‖∇
3q+‖L2(Ω+) 6 ‖Π∇
3q+‖L2(Γ) + C(K,VolΩ
+)
∑
s6 1
‖∇s∆q+‖L2(Ω+)
6 ‖Π∇3q+‖L2(Γ) + C(K,K1,M,VolΩ
+)
2∑
ℓ=1
Eℓ(t)
+ C(K,K1,M,VolΩ
+)E
1/2
2 (t)E
1/2
3 (t). (7.25)
By (6.25), we have
Dt|∇NP |
|∇NP |
= −hNN +
∇NDtP
∇NP
,
which implies
ln |∇NP (t)| 6 ln |∇NP (0)|+ (M + L/ε)t,
namely, on Γ
|∇P (t)| = |∇NP (t)| 6 |∇NP (0)|e
(M+L/ε)t 6 2|∇NP (0)|, (7.26)
if we take t small enough.
From (7.26), we get
‖Π∇3P‖L2(Γ) 6 ‖∇NP‖
1/2
L∞(Γ)E
1/2
3 (t) 6 2‖∇NP (0)‖
1/2
L∞(Γ)E
1/2
3 (t).
Thus, from (7.25) and Proposition 3.3, it follows that
‖∇2q+‖L2(Γ) + ‖∇
3q+‖L2(Ω+) 6 2‖∇NP (0)‖
1/2
L∞(Γ)E
1/2
3 (t) + C(K,K1,VolΩ
−)E0(0)
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+ C(K,K1,M,VolΩ
+)
2∑
ℓ=1
Eℓ(t)
+ C(K,K1,M,VolΩ
+)E
1/2
2 (t)E
1/2
3 (t). (7.27)
Then,
(7.17) 6CK‖∇NP (0)‖
1/2
L∞(Γ)E3(t) + C(K,K1,VolΩ
−)E0(0)E
1/2
3 (t)
+ C(K,K1,M,VolΩ
+)
2∑
ℓ=1
Eℓ(t)E
1/2
3 (t) + C(K,K1,M,VolΩ
+)E
1/2
2 (t)E3(t).
Now, we turn to the estimates of (7.15). Due to P = 0 on Γ implying γab∇aP = 0 on
Γ, we have from (A.1), by noticing ϑ = −1/∇NP , that
−ϑ−1Nb =∇NPNb = N
a∇aPNb = δ
a
b∇aP − γ
a
b∇aP = ∇bP. (7.28)
By Ho¨lder’s inequality and (7.28), we get
|(7.15)| 6 C‖ϑ‖
1/2
L∞(Γ)E
1/2
3 (t)‖Π
(
Dt
(
∇3P
)
+∇3u · ∇P
)
‖L2(Γ).
It follows from (2.11) that
Dt∇
3P +∇3u · ∇P =− 3(∇2u) · ∇P +∇3DtP. (7.29)
We first consider the estimates of the last term in (7.29). By (A.3), (7.32) and (3.13),
we have
‖Π∇3DtP‖L2(Γ) 6 ‖∇θ‖L2(Γ)‖∇NDtP‖L∞(Γ) + C‖θ‖L∞(Γ)‖∇∇NDtP‖L2(Γ). (7.30)
By (A.2) and P = 0 on Γ, we have Π∇2P = θ∇NP , i.e., θ = −Π∇
2Pϑ, and then
‖θ‖L2(Γ) =‖ϑ‖
1/2
L∞(Γ)E
1/2
2 (t) 6 ε
−1/2E
1/2
2 (t). (7.31)
Due to
∇b∇NP =θ
a
b∇aP +N
a∇b∇aP −NbN
d(θad∇aP +N
a∇d∇aP ),
by (7.31), (7.27), (7.26) and (3.13), we have
‖∇∇NP‖L2(Γ) 6C‖θ‖L2(Γ)‖∇P‖L∞(Γ) + C‖∇
2P‖L2(Γ)
6C(1/ε, ‖∇NP (0)‖L∞(Γ))(E
1/2
2 (t) + E
1/2
3 (t)) + C(K,K1,VolΩ
−)E0(0)
+ C(K,K1,M,VolΩ
+)
2∑
ℓ=1
Eℓ(t) + C(K,K1,M,VolΩ
+)E
1/2
2 (t)E
1/2
3 (t).
Thus, from (A.3), it yields (∇θ)∇NP = Π∇
3P − 3θ⊗˜∇∇NP and then
‖∇θ‖L2(Γ) 6 ‖ϑΠ∇
3P‖L2(Γ) +
C
ε
‖θ‖L∞(Γ)‖∇∇NP‖L2(Γ)
6C(1/ε, ‖∇NP (0)‖L∞(Γ))(E
1/2
2 (t) + E
1/2
3 (t)) + C(K,K1,VolΩ
−)E0(0)
+ C(K,K1,M,VolΩ
+)
2∑
ℓ=1
Eℓ(t) + C(K,K1,M,VolΩ
+)E
1/2
2 (t)E
1/2
3 (t).
(7.32)
We also have
∇b∇NDtP =θ
a
b∇aDtP +N
a∇b∇aDtP −NbN
d(θad∇aDtP +N
a∇d∇aDtP ),
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then from (7.30)
‖Π∇3DtP‖L2(Γ) 6C(1/ε,K, ‖∇NP (0)‖L∞(Γ))L(E
1/2
2 (t) + E
1/2
3 (t))
+ C(K,K1,VolΩ
−)LE0(0) + C(K,K1,M,VolΩ
+)L
2∑
ℓ=1
Eℓ(t)
+ C(K,K1,M,VolΩ
+)LE
1/2
2 (t)E
1/2
3 (t) + C‖∇
2DtP‖L2(Γ).
By (A.8) , it yields
‖∇2Dtq
+‖L2(Γ) 6 δ‖Π∇
3Dtq
+‖L2(Γ) + C(1/δ,K,VolΩ
+)
∑
s6 1
‖∇s∆Dtq
+‖L2(Ω+). (7.33)
From (2.10) and Lemma 2.1, it follows
∆Dtq
+ =4gac∇cu
b∇a∇bq
+ + (∆ue)∇eq
+ + 2∇eu
b∇bu
a∇au
e
− 2µ∇bu
a∇aβ
c∇cβ
b − 2µ∇bu
aβc∇a∇cβ
b + 2µ∇bβ
aβe∇e∇au
b.
By (7.21), (7.25) and Lemma A.8, we get
‖∆Dtq
+‖L2(Ω+) 6C‖∇u‖L∞(Ω+)‖∇
2q+‖L2(Ω+) + C‖∇
2u‖L2(Ω+)‖∇q
+‖L∞(Ω+)
+ C
(
‖∇u‖2L∞(Ω+) + ‖∇β‖
2
L∞(Ω+)
)
‖∇u‖L2(Ω+)
+ C‖∇u‖L∞(Ω+)‖β‖L∞(Ω+)‖∇
2β‖L2(Ω+),
and
‖∇∆Dtq
+‖L2(Ω+) 6C‖∇u‖L∞(Ω+)‖∇
3q+‖L2(Ω+)
+ C‖∇2u‖L4(Ω+)‖∇
2q+‖L4(Ω+) + C‖∇
3u‖L2(Ω+)‖∇q
+‖L∞(Ω+)
+ C
(
‖∇u‖2L∞(Ω+) + ‖∇β‖
2
L∞(Ω+)
)
‖∇2u‖L2(Ω+)
+ C‖∇u‖L∞(Ω+)‖∇β‖L∞(Ω+)‖∇
2β‖L2(Ω+)
+ C‖∇2u‖L4(Ω+)‖∇
2β‖L4(Ω+)‖β‖L∞(Ω+)
+ C‖∇u‖L∞(Ω+)‖β‖L∞(Ω+)‖∇
3β‖L2(Ω+)
+ C‖∇3u‖L2(Ω+)‖β‖L∞(Ω+)‖∇β‖L∞(Ω+).
From Lemma A.7 and (7.22), it follows for s 6 2
‖∇s+1u‖L4(Ω+) 6C‖∇
su‖
1/2
L∞(Ω+)
(
2∑
ℓ=0
‖∇s+ℓu‖L2(Ω+)K
2−ℓ
1
)1/2
6C(K1)
2∑
ℓ=0
E
1/2
s+ℓ(t).
All the terms with L4(Ω+) norms can be estimated in the same way with the help of
(7.21), (7.22), the similar estimates of q+ and the assumptions. Then, we obtain the
bound which is linear about the highest-order derivative or the highest-order energy
E
1/2
3 (t), i.e.,
‖∇s∆Dtq
+‖L2(Ω+) 6C(K,K1,M,M1, L, 1/ε,VolΩ
+, E0(0))
·
(
1 +
2∑
ℓ=0
Eℓ(t)
)(
1 + E
1/2
3 (t)
)
. (7.34)
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Because of
Dtq
− =
µ
2
Dt|̟|
2 = −µ̟a(∇⊥Ξ)a + µu
c̟a∇c̟a,
it follows, from Propositions 3.1 and 4.1 and (A.13), that
‖∇kDtq
−‖L2(Γ) 6µC(K,VolΩ
+)E0(0)
k+1∑
s=0
E1/2s (t)
+ µC(K,VolΩ+)E0(0)‖∇
⊥Ξ0‖L2(Ω−)e
C(K,L)t.
Then, from (7.30), (7.33), (7.34) and taking some small δ independent of E3(t), we obtain
‖Π∇3Dtq
+‖L2(Γ) 6µC(K)E0(0)‖∇
⊥Ξ0‖L2(Ω−)e
C(K,L)t
+ (1 + µ)C(K,K1,M,M1, L, 1/ε,VolΩ, E0(0))
·
(
1 +
2∑
ℓ=0
Eℓ(t)
)(
1 + E
1/2
3 (t)
)
. (7.35)
Then, we have the similar bound for ‖Π∇3DtP‖L2(Γ).
For (7.29), it only remains to estimate ‖Π (∇2u · ∇P ) ‖L2(Γ). We get, from (7.6) and
Lemma A.10, that
‖Π
(
∇2u · ∇P
)
‖L2(Γ) 6 ‖∇
2u‖L2(Γ)‖∇P‖L∞(Γ)
6C(K, ‖∇NP (0)‖L∞(Γ),VolΩ
+)L(Vol Ω+)1/6
(
‖∇3u‖L2(Ω+) + ‖∇
2u‖L2(Ω+)
)
6C(K,L, ‖∇NP (0)‖L∞(Γ),VolΩ
+)
(
E
1/2
2 (t) + E
1/2
3 (t)
)
.
Thus, we get
|(7.15)| 6C(K,K1,M,M1, L, 1/ε, ‖∇NP (0)‖L∞(Γ),VolΩ, E0(0))
(
1 +
2∑
s=0
Es(t)
)
·
(
1 + E3(t)
)
+ µC(K,VolΩ+)E0(0)‖∇
⊥Ξ0‖L2(Ω−)e
C(K,L)tE
1/2
3 (t).
Therefore, we have obtained
|(7.8) + (7.9) + (7.11)|
6C(K,K1,M,M1, L, 1/ε, ‖∇NP (0)‖L∞(Γ),VolΩ, E0(0))
(
1 +
2∑
s=0
Es(t)
)
·
(
1 + E3(t)
)
+ µC(r,K)E0(0)‖∇
⊥Ξ0‖L2(Ω−)e
C(K,L)tE
1/2
3 (t).
By a similar argument in Section 6, we get
|(7.10)| 6 C(K,K1,M,VolΩ, 1/ε)
(
1 +
2∑
s=0
Es(t)
)
E3(t).
From (6.25), we can easily obtain that (7.12) can be controlled by C(K,M,L, 1/ε)E3(t).
Note that there always exists a constant C > 0 such that ‖∇⊥Ξ0‖
2
L2(Ω−) 6 CE0(0) at
initial time. Therefore, we obtain
d
dt
E3(t) 6C(K,K1,M,M1, L, 1/ε,VolΩ, E0(0))
(
1 +
2∑
s=0
Es(t)
)(
1 + E3(t)
)
+ µ2C(r,K)E0(0)e
C(K,L)t,
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which implies, by Gro¨nwall’s inequality, that
E3(t) 6E3(0) exp
(
C(K,K1,M,M1, L, 1/ε,VolΩ, E0(0))
∫ t
0
(
1 +
2∑
s=0
Es(τ)
)
dτ
)
+
{
C(K,K1,M,M1, L, 1/ε,VolΩ, E0(0)) + µ
2eC(K,L)t
}
·
∫ t
0
(
1 +
2∑
s=0
Es(τ)
)
exp
(
C(K,K1,M,M1, L, 1/ε,VolΩ, E0(0))
·
∫ t
τ
(
1 +
2∑
s=0
Es(s)
)
ds
)
dτ.

8. Justification of A Priori Assumptions
Let K(t) and ε(t) be the maximum and minimum values, respectively, such that (7.4)
and (7.5) hold at time t:
K(t) =max
(
‖θ(t, ·)‖L∞(Γ), 1/ι0(t)
)
, (8.1)
E(t) =‖1/(∇NP (t, ·))‖L∞(Γ) = 1/ε(t). (8.2)
Lemma 8.1. Assume ‖θ‖L∞(W )+1/ι
′
0 6 CK(0). Let K1 > 1/ι1 be as in Definition A.2,
E(t) as in (8.2). Then there are continuous functions Gj, j = 1, 2, 3, 4, 5, such that
‖∇u‖L∞(Ω) + ‖∇β‖L∞(Ω)+‖β‖L∞(Ω) 6 G1(K1, E0, · · · , E3), (8.3)
‖∇P‖L∞(Ω) + ‖∇
2P‖L∞(Γ) 6G2(K1, E , E0, · · · , E3,VolΩ), (8.4)
‖θ‖L∞(Γ) 6G3(K1, E , E0, · · · , E3,VolΩ), (8.5)
‖u‖L∞(Γ) + ‖∇DtP‖L∞(Γ) 6G4(K1, E , E0, · · · , E3,VolΩ), (8.6)
‖u‖L∞(Γ) 6G5(K1, E , E0, · · · , E3,VolΩ). (8.7)
Proof. (8.3) follows from (7.22), (7.21) and (7.20). (8.4) follows from Lemmas A.8 and
A.6, Lemmas A.9–A.10, and (7.27). Since, from (A.2),
|∇2P | > |Π∇2P | = |∇NP ||θ| > E
−1|θ|, (8.8)
(8.5) follows from (8.4). (8.6) follows from Lemma A.6, (7.33), (7.34) and (7.35). (8.7)
follows from Lemmas A.6 and A.10. 
Lemma 8.2. Assume ‖θ‖L∞(W ) + 1/ι
′
0 6 CK(0). Let K1 > 1/ι1 and ε1 be as in
Definition A.2. Then ∣∣∣∣ ddtE3
∣∣∣∣ 6 C(K1, E , E0, · · · , E3,VolΩ)
3∑
s=0
Es, (8.9)
and ∣∣∣∣ ddtE
∣∣∣∣ 6 C(K1, E , E0, · · · , E3,VolΩ). (8.10)
Proof. (8.9) is a consequence of Lemma 8.1 and the estimates in the proof of Theorems
7.1. (8.10) follows from (8.6) and∣∣∣∣∣ ddt
∥∥∥∥ 1−∇NP (t, ·)
∥∥∥∥
L∞(Γ)
∣∣∣∣∣ 6 C
∥∥∥∥ 1−∇NP (t, ·)
∥∥∥∥
2
L∞(Γ)
‖∇NDtP (t, ·)‖L∞(Γ).

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As a consequence of Lemma 8.2, we have the following:
Lemma 8.3. Assume ‖θ‖L∞(W ) + 1/ι
′
0 6 CK(0). There exists a continuous function
T > 0 depending on K1, E(0), E0(0), · · · , E3(0), VolΩ such that for
0 6 t 6 T (K1, E(0), E0(0), · · · , E3(0),VolΩ),
the following statements hold: We have
Es(t) 6 2Es(0), 0 6 s 6 3; E(t) 6 2E(0). (8.11)
Furthermore,
gab(0, y)Y
aY b
2
6 gab(t, y)Y
aY b 6 2gab(0, y)Y
aY b, (8.12)
and with ε1 as in Definition A.2,
|n(x(t, y¯))− n(x(0, y¯))| 6
ε1
16
, y¯ ∈ Γ, (8.13)
|x(t, y)− x(t, y)| 6
ι1
16
, y ∈ Ω, (8.14)∣∣∣∣∂x(t, y¯)∂y − ∂(0, y¯)∂y
∣∣∣∣ 6 ε116 , y¯ ∈ Γ. (8.15)
Proof. Since the proof is similar to [9, Lemma 6.3], we omit details. 
Now we use (8.12)–(8.15) to pick a K1, i.e., ι1, which depends only on its value at
t = 0,
ι1(t) > ι1(0)/2.
Lemma 8.4. Assume ‖θ‖L∞(W )+1/ι
′
0 6 CK(0). Let T be as in Lemma 8.2. Pick ι1 > 0
such that
|n(x(0, y1))− n(x(0, y2))| 6
ε1
2
, whenever |x(0, y1)− x(0, y2)| 6 2ι1. (8.16)
Then if t 6 T , we have
|n(x(t, y1))− n(x(t, y2))| 6 ε1, whenever |x(t, y1)− x(t, y2)| 6 2ι1. (8.17)
Proof. (8.17) follows from (8.16), (8.13) and (8.14) in view of triangle inequalities. 
Finally, Lemma 8.4 allows us to pick a K1 depending only on initial conditions, while
Lemma 8.3 gives us T > 0 that depends only on the initial conditions and K1 such that,
by Lemma 8.4, 1/ι1 6 K1 for t 6 T . Thus, we immediately obtain Theorem 1.1.
Appendix A. Preliminaries and Some Estimates
Let Na denote the unit normal to Γ, gabN
aN b = 1, gabN
aT b = 0 if T ∈ T (Γ), and let
Na = gabN
b denote the unit conormal, gabNaNb = 1. The induced metric γ on the tangent
space to the boundary T (Γ) and T (W ) extended to be 0 on the orthogonal complement
in T (Ω) is then given by
γab = gab −NaNb, γ
ab = gab −NaN b.
We can extend the normal to a vector field n defined and regular everywhere in the
interior. From [4, Lemma 3.10], it holds |∇n| 6 2‖θ‖L∞(Γ∪W ). One can see [4] for more
details.
The orthogonal projection of an (r, s) tensor S to the boundary is given by
(ΠS)a1···arb1···bs = γ
a1
c1 · · · γ
ar
cr γ
d1
b1
· · · γdsbs S
c1···cr
d1···ds
,
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where
γca = δ
c
a −NaN
c. (A.1)
Covariant differentiation on the boundary ∇ is given by
∇S = Π∇S.
The second fundamental form of the boundary is given by
θab = (Π∇N)ab = γ
c
a∇cNb.
Let us now recall some properties of the projection. Since gab = γab +NaN b, we have
Π(S · R) = Π(S) · Π(R) + Π(S ·N)⊗˜Π(N ·R),
where S⊗˜R denotes some partial symmetrization of the tensor product S⊗R, i.e., a sum
over some subset of the permutations of the indices divided by the number of permutations
in that subset. Similarly, we let S ·˜R denote a partial symmetrization of the dot product
S · R. Now we recall some identities:
Π∇2q =∇
2
q + θ∇Nq, (A.2)
Π∇3q =∇
3
q − 2θ⊗˜(θ˜·∇q) + (∇θ)∇Nq + 3θ⊗˜∇∇Nq. (A.3)
Definition A.1. Let n(x¯) be the outward unit normal to Γt at x¯ ∈ Γt. Let dist (x1, x2) =
|x1−x2| denote the Euclidean distance in R
n, and for x¯1, x¯2 ∈ Γt, let dist Γt(x¯1, x¯2) denote
the geodesic distance on the boundary.
Definition A.2. Let 0 < ε1 < 2 be a fixed number, and let ι1 = ι1(ε1) the largest
number such that
|n(x¯1)− n(x¯2)| 6 ε1 whenever |x¯1 − x¯2| 6 ι1, x¯1, x¯2 ∈ Γt.
Lemma A.3 (cf. [4, Lemma 3.9]). Let N be the unit normal to Γ, and let hab =
1
2
Dtgab.
On [0, T ]× Γ, we have
DtNa = hNNNa, DtN
c = −2hcdN
d + hNNN
c, Dtγ
ab = −2γachcdγ
db, (A.4)
where hNN = habN
aN b. The volume element on Γ satisfies
Dtdµγ = (tr h− hNN)dµγ. (A.5)
Lemma A.4 (cf. [4, Lemma 5.5]). Let wa = wAa = ∇
r
Afa, ∇
r
A = ∇a1 · · ·∇ar , f be a
(0, 1) tensor, and [∇a,∇b] = 0. Let divw = ∇aw
a = ∇rdiv f , and let (∇ × w)ab =
∇awb −∇bwa = ∇
r(∇× f)ab. Then,
|∇w|2 6C(gabγcdγAB∇cwAa∇dwBb + |divw|
2 + |∇ × w|2), (A.6)∫
Ω
|∇w|2dµg 6C
∫
Ω
(NaNfgcdγAF∇cwAa∇dwFf + |divw|
2 + |∇ × w|2 +K2|w|2)dµg.
(A.7)
Lemma A.5 (cf. [4, Proposition 5.8]). Let ι0 and ι1 be as in (1.7) and Definition A.2,
and suppose that |θ| + 1/ι0 6 K and 1/ι1 6 K1. Then with K˜ = min(K,K1) we have,
for any r > 2 and δ > 0,
‖∇r−1q‖L2(Γ) + ‖∇
rq‖L2(Ω) 6 δ‖Π∇
rq‖L2(Γ) + C(1/δ,K,VolΩ)
∑
s6 r−2
‖∇s∆q‖L2(Ω).
(A.8)
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Lemma A.6 ([4, Lemma A.2]). Suppose that for ι1 > 1/K1
|n(x¯1)− n(x¯2)| 6 ε1, whenever |x¯1 − x¯2| 6 ι1, x¯1, x¯2 ∈ Γt,
and
C−10 γ
0
ab(y)Z
aZb 6 γab(t, y)Z
aZb 6 C0γ
0
ab(y)Z
aZb, if Z ∈ T (Ω+),
where γ0ab(y) = γab(0, y). Then if α is a (0, r) tensor,
‖α‖L(n−1)p/(n−1−kp)(Γ) 6 C(K1)
k∑
ℓ=0
‖∇ℓα‖Lp(Γ), 1 6 p <
n− 1
k
, (A.9)
‖α‖L∞(Γ) 6 δ‖∇
kα‖Lp(Γ) + Cδ(K1)
k−1∑
ℓ=0
‖∇ℓα‖Lp(Γ), k >
n− 1
p
, (A.10)
for any δ > 0.
Lemma A.7 ([4, Lemma A.3]). If α is a (0, r) tensor, then with a = k/m and a constant
C that only depends on m and n, with notation as in Lemma A.6, we have
k∑
j=0
‖∇jα‖Ls(Ω) 6 C‖α‖
1−a
Lq(Ω)
(
m∑
i=0
‖∇iα‖Lp(Ω)K
m−i
1
)a
,
if
m
s
=
k
p
+
m− k
q
, 2 6 p 6 s 6 q 6 ∞.
Lemma A.8 ([4, Lemma A.4]). Suppose that ι1 > 1/K1 and α is a (0, r) tensor. Then
‖α‖Lnp/(n−kp)(Ω) 6C
k∑
ℓ=0
Kk−ℓ1 ‖∇
ℓα‖Lp(Ω), 1 6 p <
n
k
, (A.11)
‖α‖L∞(Ω) 6C
k∑
ℓ=0
K
n/p−ℓ
1 ‖∇
ℓα‖Lp(Ω), k >
n
p
. (A.12)
Lemma A.9 ([4, Lemma A.5]). Suppose that q = 0 on Γ. Then
‖q‖L2(Ω) 6C(VolΩ)
1/n‖∇q‖L2(Ω), ‖∇q‖L2(Ω) 6 C(VolΩ)
1/2n‖∆q‖L2(Ω).
Lemma A.10 ([4, Lemma A.7]). Let α be a (0, r) tensor. Assume that VolΩ 6 V and
‖θ‖L∞(Γ) + 1/ι0 6 K, then there is a C = C(K, V, r, n) such that
‖α‖L(n−1)p/(n−p)(Γ) 6 C‖∇α‖Lp(Ω) + C‖α‖Lp(Ω), 1 6 p < n. (A.13)
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